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We considered motion with quadratic drag, f = —c v2. The equation of motion is
m?;:mg_cyza, Note that the last term can also be written as —c v ¥, allowing a
decomposition into two scalar differential equations: mv, = 0 — ¢ /vZ + v} v, and mv, =

mg — c /vé + vj v,. Note that these equations do not separate cleanly into a v,-only and a
v),-only set of equations, as they did in the linear drag case. The equations are also nonlinear.

In this case there is no analytical general solution for this pair of equations. We will consider
motion exclusively in the x-direction to simplify the problem.

If we confine the particle to move only in the the x-direction (v, = 0), the first equation
4
1+t(:)/‘l."
time scale T = m/v,c, and v, is the initial velocity. Here we see that the velocity relaxes more
slowly than in the linear drag case, where the relaxation was exponential rather than algebraic.
The velocity equation can be integrated to find the position of the particle along the x-axis:
x(t) —x(0) = vorIn(1 + t/7). In this case the particle continues to move forever in the x-
direction as time increases. Solving the equation for the vertical-only motion is left as a

homework problem.

where we have defined a new characteristic

reduces to mv, = —c v2, with solution v, =

We discussed the motion of a charged particle in a uniform and uni-directional magnetic
field B, subject to the Lorentz forceF = qu X B, where q is the charge of the particle. We took
B = B2 and found that Newton’s second law of motion reduces to three scalar equations:
mvy, = quyB, mv, = —qv,B, and mv, = 0. The solution for the motion along the magnetic
field direction is simple: z(t) = z, + v,t, which is uniform motion at constant velocity. We
solved the x-y plane motion using the trick of mapping this two-dimensional problem into the
complex plane. Define the complex variable n = v, + iv,, where i = v/—1. The velocity of the
particle is now represented as a point in the complex n plane. The pair of coupled differential
equations now reduces to a simple equation for the time evolution of n, namely n = —iwn, and
the Cyclotron frequency is defined as w = gB/m, for the charged particle of mass m.

The equation is solved as 1 = noe~"“t, where 1y = vy, + ivye = voe’®. This equation
represents uniform circular motion in the n-plane on a circle of radius v, starting at an angle &
and rotating clockwise with angular velocity w. The initial velocities are related to v, and § as

Vyo = Voc0s6 and vy, = vpsind, and v, = ’vfo +v2y, § = tan" (vy0/vyo). The resulting



description of the motion can be obtained by taking the real and imaginary parts of n as v, (t) =
Re[n] = vocos(6 — wt), and v, (t) = Im[n] = vesin(§ — wt).

The trajectory of the particle in the xy-plane can be solved by a similar method. First
define the complex variable & = x + iy, and relate it to 7 through the time derivative: n = &.
Integrate this equation and apply the initial conditions for x and y to obtain &(t) = rye'(®o=«0),
where the initial positions are written as x, + iy, = r,e’®0. The particle motion is described by
uniform circular motion around a circle of radius r, starting at angle ¢, at angular velocity w.
The resulting motion is three dimensions is helical about the magnetic field axis.

We considered several applications of these ideas to the cyclotron, the Calutron, and
Whistlers in the magneto-sphere of the earth.


http://www.physics.umd.edu/courses/Phys410/Anlage_Spring13/The%20Cyclotron%20and%20Calutron.pdf
http://webphysics.davidson.edu/physlet_resources/bu_semester2/c13_cyclotron.html
http://www-pw.physics.uiowa.edu/space-audio/sounds/EarthWhistlers/ewhist.html

